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A one-center self-consistent field (SCF) wavefunction for two electrons, built from a m-term mole- 
cular orbital, is multiplied by the correlation factor l + c~r12. All integrals required for a variational 
treatment are obtained from previous papers in this series. Application to the ground state of equilateral 
triangular H + shows that the energy improvement due to the correIation factor and the optimized 
value of c~ increase as m increases. Joshi's [4] SCF-functions were used. For m = 9 our best energy is 
-1.3037 a.u. for e = 0.189, compared with Joshi's energy of -1.28028 a.u., at RHH = 1.607 a.u. 

Eine Ein-Zentrum-Wellenfunktion ftir zwei Elektronen vom SCF-Typ wird mit dem Korrelations- 
faktor 1 + c~rl 2 multipliziert. Alle Integrale, die fiir eine Variationsrechnung ben6tigt werden, k6nnen 
aus frtiheren Ergebnissen hergeleitet werden. Eine Anwendung auf den Grundzustand yon H + mit tier 
Struktur des gleichseitigen Dreieckes zeigt, dab sowohl die Energieverbesserung als auch die optimalen 
Werte yon c~ mitm zunebmen, wobei m die Zahl der Terme in dem MO darstellt. Joshis [4] SCF-Funk- 
tionen bilden die Grundlage. Ffir m = 9 erhielten wir die Energie -1,3037 a.E. und e = 0,189. Joshis 
Energie war - 1,28028 a.E. (Ran = 1,607 a.E.). 

Une fonction d'onde SCF monocentrique pour deux 61ectrons, construite/L partir d'une orbitale 
mol6culaire/t m termes, est multipli6e par le facteur de corr61ation 1 + c~r~2. Toutes les int~grales 
n6cessaires pour un traitement variationnel sont obtenues/~ partir des articles pr6c6dents de cette 
sbrie. L'application ~ l'6tat fondamental de H + (triangle 6quilat6ral) montre que l'am61ioration de 
l'~nergie dfle au facteur de corr61ation ainsi que la valeur optimale de c~ augmente lorsque m augmente. 
On a utilis6 les fonctions SCF de Joshi [4]. Pour m = 9, notre meilleure 6nergie est - 1,3037 u. a., pour 

= 0,189, alors que Joshi obtient - 1,28028 u. a. ~ Ran = 0,928 u. a. 

1. Introduction 

In  p a p e r s  I a n d  II  o f  this  ser ies  [2, 3] (he rea f te r  re fe r red  to  as I a n d  II,  respec t -  

ively) we p r e s e n t e d  all  the  in t eg ra l s  in c lo sed  f o r m  wh ich  a re  r e q u i r e d  for a con-  

f i g u r a t i o n - i n t e r a c t i o n  (CI)  w a v e f u n c t i o n ,  bu i l t  f r o m  gene ra l  e x p o n e n t i a l - t y p e  

orbi ta ls ,  a s s o c i a t e d  wi th  t he  c o r r e l a t i o n  fac to r  1 + ~r12. S ince  a C I - w a v e f u n c t i o n  
can  lead,  in p r inc ip le ,  to  the  exac t  energy ,  t he  eff ic iency o f  the  c o r r e l a t i o n  fac to r  

is d e c r e a s i n g  wi th  an  i n c r e a s i n g  n u m b e r  o f  te rms .  

Se l f -cons i s ten t  field m o l e c u l a r  o rb i t a l s  ( S C F - M O )  a re  u sua l ly  e x p a n d e d  in 

t e r m s  of  m a t o m i c  orb i ta l s .  As  m increases ,  the  S C F - w a v e f u n c t i o n s  i m p r o v e .  S ince  

such  w a v e f u n c t i o n s  d o  n o t  a c c o u n t  for  the  c o r r e l a t i o n  b e t w e e n  e lec t rons ,  the  

l o w e r i n g  o f  the  e n e r g y  o b t a i n e d  by  m u l t i p l y i n g  S C F - f u n c t i o n s  by  a c o r r e l a t i o n  

fac to r  is n o t  e x p e c t e d  to d e c r e a s e  as m increases .  

S imi l a r  c a l cu l a t i ons  were  p e r f o r m e d  for  t w o - e l e c t r o n  a t o m s  by  R o o t h a a n  a n d  

Weiss  [8 ] ,  for  H 2 by K o l o s  a n d  R o o t h a a n  [5] ,  a n d  for  H i  by Les t e r  a n d  K r a u s s  [7] .  

In  P a r t  2 the  t h e o r y  d e v e l o p e d  in p a p e r s  I a n d  I I  will  be  r e v i e w e d  for  the  

specia l  case  o f  a S C F - w a v e f u n c t i o n .  I n  P a r t  3, t he  m e t h o d  will  be  app l i ed  to one -  
cen te r  S C F - f u n c t i o n s  o f  e q u i l a t e r a l  t r i a n g u l a r  H§ o b t a i n e d  by  J o s h i  [4] .  
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2. Wavefunction and Integrals 

We assume that a one-center SCF-wavefunction ~o with the SCF-MO q) is 
available for the two-electron molecule under consideration. The correlated 
wavefunction ~'~ will then be written as 

~ ( r l ,  r2) = (1 + ~xrl2 ) ~~ r2) = (1 + ~xr12 ) ~o(rl) ~o(r2) , (1) 

with r a  

~(r) = ~_, aizi(r ) , (2) 
i = 1  

and real c~. The spin part has been separated out, and will not be mentioned further 
Z~ is generally of the form 

Zf(r) = 2 ci(pf, rh) di(l i, mi)rP'e -'n" Yl,m,(,9, q)). (3) 
Pi,~i,~i,mi 

In the following the summation indices and arguments ofc~ and d~ will be omitted. 
By substitution one obtains 

7~'(1, 2) = (1 + o~rl2) ~ a~atz~(1) ;~t(2) 
S, t 

= (1 + o:rl2) ~ a~a,A,,z,(1) L(2) (4) 
s > t  

= (1 + ~zrlz) ~ a, at@~ 2) = ~ a,a,*~,(1, 2) 
s>_t s>--t 

with 

and 

0 @,t(1, 2) = A,tZ,(1 ) L(2), 

= ~t(1, 2), @~(1, 2) (1 +~zrt2 ) 0 (5) 

Ps Pt --~lsrt--~tr2 #~ 2) = Ast ~ c, ctd~dtr 1 r 2 e Yt, m,(1) Yl, z,(2). (6) 

A~t is a symmetrization operator. @o is equivalent to @o of papers I and II. The 
double notation is necessary for the identification of this function. The coordinates 
(ri), and also (Oi, qh) were written as (i). 

The correlated SCF-functions will be treated in the same way as the correlated 
CI-functions of papers I and II, with the only difference that the coefficients a~a t 
will remain fixed and not be subjected to optimization. 

The energy E ~, obtained by the variation method, is 

All integrals which may occur in this expression have been discussed in papers I 
and II. E ~ is the energy resulting from ~o. 

3. Application to Equilateral Triangular H~ 

Joshi's [4] one-center SCF-calculations of equilateral triangular H~ formed 
the basis of our correlation work. This molecule was also the subject of paper I. 

The geometric center of the molecule was chosen to be the origin of the co- 
ordinate system. V1 and all integrals V1, ij are then zero. The coordinate system was 
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rotated so that the polar axis pointed towards one of the protons. Joshi studied 
molecular orbitals which consisted of 1 to 18 basis functions. We were interested 
in the improvement of the energy and in the optimized value of e as a function of 
m, the number of terms in an SCF-MO. We used Joshi's 1 to 9-term functions, 
omitting rn = 6 and 8. The results are given in Table 1. E ~ is Joshi's energy, E ~ the 
energy obtained by using the correlated wavefunction ~v~. E ~ has been minimized 
with respect to e, but not with respect to the orbital exponents t h and the linear 
coefficients a i. They are Joshi's values, and therefore not reproduced in Table 1. 
A E  is defined as E ~  E ~. 

Table 1. Ground state energies (in a.u.) of  equilateral triangular H'~ 

m Rnn (a.u.) ~ - E  ~ - E  ~ AE AE/E ~ [%] 

1 1.599 0.049 1.02604 1.02900 0.003 0.3 
2 1.554 0.102 1.10994 1.11959 0.0096 0.9 
3 1.554 0.175 1.16629 1.18730 0.0211 1.8 
4 1.550 0.180 1.16722 1.18834 0.0211 1.8 
5 1.568 0.185 1.22391 1.2465 0.0226 1.8 
7 1.602 0.188 1.27389 1.2973 0.0234 1.8 
9 1.607 0.189 1.28028 1.3037 0.0234 1.8 

Contrary to a CI-wavefunction, d E  and ct increase with increasing number 
of terms. This is understandable, since, as Joshi points out, the maximum in the 
orbital density curves becomes sharper as m increases, and no correlation is 
introduced by the SCF-wavefunction. Since A E  seems to approach a saturation 
value, we expect E ~ for Joshi's 18-term MO to be about - 1.310 a.u. 

Schwartz and Schaad [9] estimate the correlation energy of H~ to be - 0.043 
to -0 .048 a.u., whereas Kutzelnigg e t  al. [6] calculate a correlation energy of 
-0 .039 a.u. Accordingly, our improvement A E - - 0 . 0 2 3 4  a.u. for m - - 9  represents 
5 0 - 6 0 %  of the correlation energy. We did not intend to optimize T~ with respect 
to the linear coefficients a~ and the orbital exponents t/i, in order to preserve the 
S C F - c h a r a c t e r  of the uneorrelated wavefunctions. However, it is to be expected 
that such optimization would have further improved our results. 

Some percentage lowerings of two-electron probability densities for m = 1 to 4 
are given in Table 2. A ~_/2 is defined by 

z~ ~ 2  = I / / O 2 ( r l ,  Y2) - -  ~r /~ t2( r l ,  r 2 ) .  

Roll is the distance between the geometric center of the molecule and one of the 
protons. 

Table 2. Percentage lowerings of two-electron probability densities 

A ~ 2 / ~  ~ [%] 

r I ~ r 2 ~ RoH,  r12 ~ 0 

ALP2/tjg02 [%3  

r I = r12 = Ron/2 , r2 = Ron 

1 18 15 
2 31 25 
3 43 34 
4 44 35 
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T h e  H a t r e e - F o c k  ene rgy  of  e q u i l a t e r a l  t r i a n g u l a r  H~ is a b o u t  - 1.30 a.u. [9] .  

Josh i ' s  l owes t  ene rgy  was  - 1.28626 a.u. P r o b a b l y  he  w o u l 6  h a v e  n e e d e d  orb i ta l s  

o f  h ighe r  a n g u l a r  m o m e n t u m  q u a n t u m  n u m b e r s  to  o b t a i n  a l o w e r  energy.  

M i n i m i z a t i o n  o r E  ~ wi th  r e spec t  to  ; / a n d  RIga for m = 1 gave  E ~ = - 1.0369 a.u. 

at  RHH = 1.609 a.u., w i th  t / =  1.1146 a n d  ~ = 0.245. 
C a l c u l a t i o n s  w i t h  a cu to f f  c o r r e l a t i o n  fac to r  for  this m o l e c u l e  us ing  Josh i ' s  

o rb i t a l s  w i th  m = 1 to  4 h a v e  b e e n  p e r f o r m e d ,  a n d  will  be  p u b l i s h e d  soon.  

F o r  al l  de ta i l s  on  the  t h e o r y  a n d  c o m p u t a t i o n s  we refer  to  Ref. [1] .  
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